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An Accurate 2-D Hard-Source Model for FDTD

Riku Makinen, Jaakko JuntungMember, IEEEand Markku Kivikoskj Senior Member, IEEE

Abstract—This letter describes an accurate two-dimensional The respective location of primary and dual grids allows us to
(2-D) hard-source model for finite-difference time-domain enforce Faraday’s law and Ampere’s law in integral form over

(FDTD). The proposed model allows accurate control over the ; : ; )
effective radius of a 2-D hard source. In addition, the TM version each facetof prlmf’:lry gnd dual grid, respectively. The Ampere’s
law in free space is given by

of the source model is directly applicable as a very accurate 2-D

thin-wire model. The proposed model is verified in 2-D for both 9 I g
TM and TE case using a recently introduced method for finding — eoE-dSy = H-dl, (1)
the effective radius of a filamentary 2-D hard source [1]. at Js, Cq

Index Terms—+DTD, hard source, thin wire. where surfaces, is a dual grid facet bounded by contodiy

formed by dual grid edges. Similarly, the Faraday’s law in free
space is given by

wo-dimensional (2-D) finite-difference time-domain _2 poH - dS, = j{ E-dl, )
T (FDTD) solvers are used for problems where translational at Js, Cyp
ipvariance isa regsongble approximatiop. In 2—D., asingle ?‘%ere surfacé, is a primary grid facet bounded by contatig
field component is typically used to excite a radially outgoingymed by primary grid edges.
wave. A hard source is realized by forcing the field component 1o contour-path integral formulation in Cartesian grid and

to assume the value of the excitation function at each time st@Re original Yee algorithm are equivalent in free space, provided
Recently, a method to find the effective radiug of a 2-D e following assumptions are met [3]:

filamentary hard source was presented [1]. By comparison to
an analytical frequency-domain Green'’s function, it was shown
thatr.g =~ 0.2A whereA is the cell size. Size of the source
thus depends on the cell size. However, the size of the sourc
affects the simulation results. It is therefore important to have
control over the size of the source.

A filamentary perfectly conducting wire can be understood
as a hard source with the excitation function identically set to
zero. It is obvious that in a 2-D TM case, the procedure of [1]
can also be applied to find the effective radius of a perfectly The assumptions on field variation near the wire are similar to
conducting filamentary thin wire or a special thin-wire modethose in [3]: both the electric field in TE mode and the magnetic
In other words, [1] is a useful 2-D test also for thin-wire modeldield in TM mode adjacent to source are assurgd depen-

This letter describes a sub-cell FDTD model based on co@ent, where- is distance from the wire axis. The field compo-
tour-path integration that accurately describes the radius of@nts are loacted at their usual locations in a 2-D Yee cell.
2-D hard source or a 2-D thin wire over a wide range of values o
for nominal radius. A. Derivation for TM Mode

Let us consider computation of one of the four magnetic field

Il. CONTOUR-PATH INTEGRAL FORMULATION OF FDTD components adjacent to an axial electric sourcé-atl(/2, j +

. . L .1/2). The update equation for the magnetic fieldiat-(1, j +
The contour-path integral equation formulation is a cruci |/2) can be found using equation (2) in 2-D. Assuming

part of the proposed model and is therefore briefly reviewe .

In the Yee algorithm [2], the electric field components form theépendence, we have in free space
primary grid while the magnetic field components form the dual H |n+1/2 - H |n_1/2 " 2At

grid. The two grids are organized such that each edge of the  ?'i+1i+1/2 Olitt, j+1/2 poAzIn(Azx/r;)
primary grid is normal to a facet of the dual grid and vice versa.

|I. INTRODUCTION

1) the field value at a midpoint of an edge along contGur
enclosing surfacé equals the average value of that field
component along that edge;

eZ) the field value normal to surfaceis located at the center

of the surface and equals the average value of that field

component oves.

I1l. A CCURATE 2-D HARD-SOURCE MODEL

: |:EZ|:|—1/2,j+1/2 - EZ|7‘,:|—3/2,]'+1/2:| ) 3)
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field component should not be directly used in standard FDT

update equations. Therefore, we need to project the tanger K Hy,
field components to their respective Cartesian grid edges. 2
Let us assume we have computed any ofthein Fig. 1(a)
using (3). In order to projectly; into kry Hpg; 0N a Cartesian 1o A B,
grid edge we take Ampere’s law as a starting point. Formir s, o
two integration path€’; andC, around the source, we have G,
I=¢ H-dy=¢ H.d.. (4) lepgHy,
(&5 Cy
For a rotationally symmetric case, the magnetic field is constant @ (b)
alongC;. The scaling factokry; is determined by the relative Fig. 1. Ampere’s law integration paths. (a) Circular path. (b) Cartesian cell
length of integration path€; andC, edges.
_ _ TABLE |
kTM o ji dll / c dl? o 7(/4 (5) EFFECTIVE RADIUS OF THE PROPOSEDMODEL AND THE THIN-WIRE
' ? MODEL [3]. COMPUTED USING A UNIFORM GRID WITH A/A = 40
In a nonsymmetric case, the four looping magnetic field ResoLuTion. TM Mobe
values may differ from each other. Still, we may define a
scaling factor for each segment such that the line integril of Proposed model Thin wire [3]
along each circular segment remains equal to the line integral  n/A gy M emor % Ty 1 error %
of H along the respective Cartesian dual grid edge 1E-6 1.29E-6 29 23.3E-6 2228
1E-3 1.10E-3 9.6 47E-03 369
0.05 0.0512 24 0.0966 93
krms = / dly / dly . (6) 0.1 0.1015 1.5 0.1656 66
' Cui Cai 02 0.2016 0.8 0.2840 42
03 03014 0.5 0.3892 30
Here, we assum#y; andkry Hg; constant on each of the four 04 0.4006 0.2 04871 22
0.49 0.4902 <0.1 0.5871 20

segments of’; andCs, respectively. Note that the shape of the
cells affects the value dfry ;. If Az # Ay, e.g., the scaling
factor kw1 for the magnetic field componedi, on the right
takes the form{Az/Ay) - tan~'(Ay/Az). IV. NUMERICAL RESULTS AND DISCUSSION

Instead of scaling thé&/y; themselves, we may use the scaled The source models were tested following the procedure de-
valuekry Hy; in standard FDTD update equations to computscribed in [1] using the maximum absolute value for amplitude
the adjacent axial electric field components. recorded at each point. The test reveals properties of the source

o when observed from a distance. It is likely that the accuracy of

B. Derivation for TE Mode the test method is dependent on the grid resolution providing

The TE case is treated similarly to the TM case. Let us comore accurate results with a dense grid due to smaller disper-
sider computation of one of the four electric field componentgon error.
adjacent to a magnetic source atf). Assuming the electric  The proposed model was also tested using two independent
field 1/r dependent, the update equation for the electric field tsts. The current through a hard source was computed for sev-
(¢ + 1/2, 4) can be found using (1) in 2-D. The FDTD updateeral grid resolutions such that neither the physical dimensions
equation in free space takes the form of the source nor the spectrum of the excitation waveform were
changed. In addition, current induced into a passive thin wire

2At . .

n+1 _ n

Eoli 12 ;= Foliy1y2 ; + coArIn(Aer) was computed for several grid resolutions.
: [—HAZﬁQQ + HZ|ZJ;1/2} ’ (7) A. The 2-D Green’s Function Test

) ) . . The proposed model was tested using [1] for both TM mode
wherer; is the nominal radius of the magnetic source. 504 TE mode. A time-harmonic hard source with unity ampli-
As before, we project the point values computed using (f)qe was used for excitation. After reaching steady state, the
to the Cartesian primary grid edges. Faraday's law integratighye|ope of the response was recorded at each grid point along
path is formed around the magnetic source and the circulatign.oorginate axis providing amplitude as function of distance
of electric field around the source is kept constant. This leadsggm the source. The collected data was then multiplied by a
the scaling factokr g, ; for TE mode constant” such that the best fit to the absolute value of analyt-
ical frequency-domain Green'’s function solution (in this case,
kre. i =/ dly // dly . (8) Hankel function of the second kind) was achieved in fhe
i Coi norm sense. The Hankel function at distangefrom the source
As in TM mode, we do not scale the values themselves, but ugas set equal t@” and r.z appearing in the argument was
the scaled values to compute the adjacent axial magnetic fistulved. The effective radius describes a finite distance from
components. the source to the location where the wave is actually radiating.
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Fig. 2. Current through a TM hard source implemented using the propodeld- 3. Relative difference of normalized induced currents on a passive thin
model for a number of cell sizes, compared to a reference result. wire for a number of cell sizes, compared to a reference result.

The results computed using 40 cells peresolution are C. Proposed Model as a Passive Structure
shown in Table I. The error in source radius with the proposedAS a complementary test, the properties of the proposed

model is less than 30% for radii frof® A up to the stability model as a passive scattering structure in TM mode were

limit of 0.5A. For radii Iargerthalﬁ).05A,_ the erroris less thgn investigated. A point source was excited at a fixed distance
2.5%. The same test was repeated using the standard thln—\zw)?T1 the thin wire. whose radius was fixed at 1 mm. Cell

model [2]. The results in Table | indicate that the error in Wirgizes 5 mm. 10 mm and 20 mm were considered. The induced
radius is over ten times larger than with the proposed model.Current waé measured and normalized by the square root of
A source model should reduce to a filamentary source Whgf), 5 jiateq power of the source. The induced current with
the nominal ra(_jius is set to the effective radius of a filamelimr-1e 5 mm cells was used as a reference. For comparison, the
tary source. WithAw = Ay = A, the proposed model re- g, 0 tost was repeated using the traditional thin-wire model
tﬁ. The results are shown in Fig. 3. Obviously, the proposed

Is set toe A =~ 0.208A. This is in agreement with [1], r[%odel gives consistent results independent of the cell size for

where the effective radius of a filamentary source was fou
to be approximatel$.21A. In contrast, the three—dimensiona
thin-wire model of [3] reduces to a filamentary PEC wire when
the nominal wire radius is set 0 2A ~ 0.135A [4]. This is
also the case in 2-D TM mode. This is due to the fact that theAn accurate 2-D hard-source model was proposed. The model
magnetic field components adjacent to wire receiving speclfs validated for both TM mode and TE mode using the proce-
treatment in [3] are also present in 2-D TM mode. It is therefofdure described in [1]. The proposed model was shown to provide
likely that a similar error as shown in Table | is also present idccurate results over a wide range of values for the nominal wire
the 3-D model of [3]. radius.

The results in TE mode (not shown) are identical to those Additional tests investigating current through the source in
presented for TM mode in Table | verifying the TE sourcdM mode and the current induced in a passive thin wire were
model. Furthermore, the proposed model reduces to a filamé@fovided for further verification. The proposed model was
tary source also in TE mode when the nominal radius is set3dgown to provide consistent results independent of the cell size
e ™/2A = 0.208A, i.e., the effective radius of a filamentaryboth as a hard source and as a passive 2-D thin-wire model.
source.

equate grid resolution, while the traditional model does not.

V. CONCLUSION
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